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Abstract
An arc-length preserving deformation for curves is presented by combining subdivision and inverse kinematic.
A curve is discreted into polyline ﬁrst, then the polyline is deformed with its arc-length preserved in the sense of
minimizing energy. Subdivision method is applied to obtain a smooth curve (at least C1 continuity) with proper
weights selected to keep the length of the resulting curve equal to the original curve. This technique also provides
interactive response by progressively reﬁning the solution of the optimization problem.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Deformablemodeling plays an important role in computer graphics.Typical examples are the animation
of humans or animals, modeling of soft tissue in a virtual surgical training system, sewing up pieces of
cloth in garment CAD and so on. During the past few decades, considerable work has been done in this
area. In brief, the work can be divided into two parts [8]: non-physical models and physically based
models. In general, non-physical models [2,19,1,13,16] are computationally efﬁcient, but the results are
less accurate than the physically based models and are limited by the experience of the user. In contrast,
physically based models [21,18,4,12,7] give highly accurate deformation at the cost of computational
complexity.
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Fig. 1. Algorithm overview.
Deformation with constraints is necessary to obtain realistic results. For example, cloth can only bear
tiny stretch and shrink. Consequently, the local area of the cloth should be unchangeable when pieces
of cloth are sewed up into a garment. Another example is that the skeleton length of an object usually
keeps constant when it is axially deformed as stated in [16]. For instance, when an elephant curls its long
nose, the length of its nose can be regarded as a constant. In 1980s, energy constraints [23], space time
constraints and reaction constraints and augmented Lagrangian constraints [17] have been considered.
Recently, Borrel and Rappoport [3] presented the volume-preserving deformation algorithm for free-form
solids, in which the object was composed of several solids controlled by the lattice of tri-variate tensor
product.A non-linear optimization was derived from the energy minimum to preserve the desired volume
of each primitive and to ensure high-order continuity constraint between the primitives. Hirota et al. [11]
presented an algorithm for preserving the total volume of an object undergoing free-form deformation
using discrete level-of-detail representations. Aubert and Bechmann’s method [1] was based on a space
deformation model called DOGME. The volume was preserved and the algorithm was efﬁcient, while
the deformation depends too much on the optimization, the result was unpredictable. Also based on the
DOGME model, Sun [20] modiﬁed the projection matrix and succeeded in preserving the area of 2D
object. Peng et al. [16] presented an arc-length preserving axial deformation method. The axial curve
was subdivided into polyline, then keyframe interpolation is used to the polyline with intrinsic deﬁnition
to generate the arc-length preserving in-between frame. But this method is only suitable for morphing
between the source curve and target curve. van Damme and Wang [22] presented a curve interpolation
with constrained length which can preserve arc-length locally.
In this paper, we present an effective approach for arc-length preserving curve deformation based on
subdivision. The arc-length preserving deformation for curves is implemented in three steps (shown in
Fig. 1): First, control polyline of subdivision is obtained by simplifying the vast number of initial points
(initial polyline) sampled from the source curve. Second, the arc-length preserving polyline deformation
is obtained by solving a non-linear optimization based on inverse kinematics. At last, the polyline is
subdivided to form the smooth deformed curve with proper weights selected to keep the length of the
resulting curve equal to the original curve both locally and globally. Comparedwith [14] the computational
cost is greatly reduced by integrating simpliﬁcation technique and subdivision.
The rest of the paper is arranged as follows. Related work is introduced in Section 2. Section 3
explains how to obtain the control polyline. Section 4 describes how to deform the polyline with its
length preserved. Finally, the polyline subdivision is described in Section 5. Experiments and results are
presented in Section 6. Section 7 includes discussion and conclusion.
2. Related work
2.1. Curve and surface simpliﬁcation
Many applications in computer graphics require complex, highly detailed models. For the sake of efﬁ-
ciency, it is often desirable to use approximations in place of excessively detailed models. Simpliﬁcation
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is necessary to make storage, transmission, computation. It can reduce disk and memory requirements
and speed up network transmission.
A variety of methods for simplifying curves and surfaces have been explored over these years. Heckbert
and Garland [10] surveyedmethods for simplifying curves and polygonal surfaces. The Douglas–Peucker
algorithm is themost widely used high-quality curve simpliﬁcation algorithm. It is a reﬁnement algorithm.
At each step, the algorithm attempts to approximate a sequence of points by a line segment from the ﬁrst
point to the last point. This algorithm produces the highest subjective- and objective-quality approxima-
tions. Ballard and Brown described a variant of the D–P algorithm. The algorithm splits at the point of
highest error along the whole curve, instead of splitting recursively. This yields higher quality approxi-
mations for slightly more time. But they did not solve the problem of self-intersection. The algorithms
for simplifying surfaces can be categorized into the classes below: vertex clustering, vertex decima-
tion, iterative edge contraction, simpliﬁcation envelopes, simpliﬁcation through face removal, superface
simpliﬁcation, mesh optimization, re-tiling polygonal surfaces and multi-resolution analysis etc.
Enlightened by the face removal method of surface simpliﬁcation, we choose the curvature to measure
the importance of a vertex, and simplify the curves by deleting the vertices of less importance. And the
curvature is computed by the directional angle of the vertices.
2.2. Curve and surface subdivision
As a newmethod for prescribing curves and surfaces, subdivision has been extensively studied in recent
years. Compared with NURBS, subdivision has many advantages: it can generate surfaces with arbitrary
topology and ﬂexibly achieve shape characters by adjusting the weights in subdivision scheme, which is
efﬁcient and easy to implement since the new vertexes are calculated linearly and iteratively.
Subdivision curves are limit curves of a series of polylines, which are recursively computed using tech-
niques such as “corner cutting”. Chaikin ﬁrst introduced the idea of subdivision in 1974, then Riesenfeld
and Forrest proved that the limit curves are essentially uniform quadric B-splines. This algorithm gener-
ates a smooth curve that is approximately the shape of a user speciﬁed control polygon. The algorithm
works by “clipping” the corners of the control polygon to form a new smoother control polygon. In fact,
the limit curves generated by Chaikin’s algorithm is proved to be uniform quadratic B-spline.
In 1987, Dyn et al. [6] pioneered a 4-point interpolatory subdivision scheme. It is a stationary scheme,
but lacks of smoothness, only leading toC1 curve. Cai [5] presented a 4-point subdivision with the tension
parameter variable. Jin Jianrong andWang Guozhao developed a non-uniform 4-point interpolatory sub-
division scheme. G1 interpolatory curve can be constructed by using this method. Some bias parameters
are introduced to control the shape of curve. Cararetta, Dahmen and Micchelli presented a non-stationary
subdivision scheme for interpolating a set of given data points in 1991, which is a generalization of the
four point subdivision scheme to the non-stationary case. If the initial data lie on a C2(R) function, then
the limit function of the scheme approximates the original function quadratically.
3. Simpliﬁcation to control polyline
First, we sample the curve to obtain N source points {Si}Ni=0 in which the intrinsic deﬁnition of a planar
curve is used [16], and then connect them orderly to form the initial polyline. We simplify it by deleting
the points of “less importance”.








Fig. 3. Simplify the sinusoid curve. (a) Sampled sinusoid: 120 points. (b) Simpliﬁed sinusoid: 10◦, 16 points. (c) Simpliﬁed
sinusoid: 6◦, 16 points.
The importance of a vertex is estimated by its directional angle i (demonstrated in Fig. 2). If the
absolute value of the angle is less than a given threshold , delete the point Si , and record the lost arc-
length. Finally, we get the rest points and connect them to form a new polyline, which we call control
polyline (denoted by {Pi}ni=0). The other data obtained after simpliﬁcation is the arc-length reduction
{Li}n−1i=1 , where Li is the arc-length lost during the deformation between control points Pi and Pi+1.
After simpliﬁcation, the control polyline will reserve enough points in the high-detailed region and
less data in the ﬂat region.And the amount of the control points n depends on the threshold , the number
of the control points decreases when the threshold increases (as shown in Fig. 3, the simpliﬁcation of a
sampled sinusoid curve using our algorithm).
4. Polyline deformation based on inverse kinematic chains
We have presented a deformation method of curves with the arc-length constraint in [14]. There are
mainly three kinds of simple constraints for IK chains: (1) both the begin-point and the end-point are ﬁxed;
(2) the begin-point is ﬁxed and end-point free; (3) both the begin-point and the end-point are free. More
complicated constraints are syntheses of the simple cases. We carry out the deformation of polyline with
the idea of inverse kinematic [9]. Inverse kinematic is a useful tool in robots programming and character
animation. As user is specifying the target position of end-point (see Fig. 4), the computer will calculate
the deformation result automatically. Based on it, the arc-length preserving deformation of curve with
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Fig. 4. Mid-point-goal deformation.
end-point moving is easy to achieve. But that is not enough for the requirements of deformation, we
propose a deformation model suitable for case (1). Suppose that {Pi}ni=1 is the polyline with n vertexes,
with both the begin-point and end-point ﬁxed, move the mid-point Pm to the speciﬁed position X, and we
will calculate the new polyline.
Calculate the edge lengths and the directional vertex angles of the polyline, and get its intrinsic def-
initions {0, (i , li)n−1i=0 }. It is obvious that we can obtain the new positions of the vertexes through
the directional vertex angles after deformation. So we calculate the shift of directional vertex angles
 = (1,2, . . . ,m−1,m+1, . . . ,n). At the point Pm, split the polyline into two parts, with
each of begin-point ﬁxed, and move the end-point to X. The left one is deﬁned as {0,L = (i , li)m−1i=0 },
where i = i ; and the right one {n,R = (i , li)n−1i=m+1}, with i = −i . Then we have non-linear
equations
f L(L) = X,
f R(R) = X, (1)
where f L and f R are the positions of the end-points.
f L(1, . . . ,m−1) =
(
x1 + l1 cos1 + · · · + lm−1 cos(1 + · · · + m−1)
y1 + l1 sin1 + · · · + lm−1 sin(1 + · · · + m−1)
)
,
f R(m+1, . . . ,n) =
(
xn + ln−1 cosn + · · · + lm cos(n + · · · + m+1)
yn + ln−1 sinn + · · · + lm sin(n + · · · + m+1)
)
.
Use the Taylor expansion, for i + i → i , we have
JLL = X,
JRR = X, (2)




J11 J12 . . . J1(m−1)




J1(m+1) J1(m+2) . . . J1n
J2(m+2) J2(m+2) . . . J2n
)
, (3)
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where
J11 = − l1 sin 1 − l2 sin(1 + 2) − · · · − lm−1 sin(1 + 2 + · · · + m−1),
J12 = − l2 sin(1 + 2) − · · · − lm−1 sin(1 + 2 + · · · + m−1),
...
J1(m−1) = − lm−1 sin(1 + 2 + · · · + m−1).
J21 = l1 cos 1 + l2 cos(1 + 2) + · · · + lm−1 cos(1 + 2 + · · · + m−1),
J22 = l2 cos(1 + 2) + · · · + lm−1 cos(1 + 2 + · · · + m−1),
...
J2(m−1) = lm−1 cos(1 + 2 + · · · + m−1).
J1(m+1) = lm sin(m+1 + · · · + n),
J1(m+2) = lm sin(m+1 + · · · + n) + lm+1 sin(m+2 + · · · + n),
...
J1n = lm sin(m+1 + · · · + n) + lm+1 sin(m+2 + · · · + n) + · · · + ln−1 sin n.
J2(m+1) = lm cos(m+1 + · · · + n),
J2(m+2) = lm cos(m+1 + · · · + n) + lm+1 cos(m+2 + · · · + n),
...
J2n = lm cos(m+1 + · · · + n) + lm+1 cos(m+2 + · · · + n) + · · · + ln−1 cos n.
Here Eq. (2) is a linear system of four equations of n variables. It is an underdetermined system. In order
to get the unique solution, we have to deﬁne an objective function to solve the problem as an optimization
problem. Here we consider the angle limits, that is, each i should have upper bound and lower bound:
i minii max. It is based on some physical characters, for examples, the anti-bending rope, and joint








(i − ai) + i
ai − i max
)2)
. (4)
Optimizing this function ensures the angle limit, and minimizes the kinetic energy.And the weightwi can
be used to adjust the shape of the curve. At last, in order to limit the directional vertex angle at the vertex
Pm, we require the end-point of the whole polyline {Pi}ni=1 satisﬁes the zero-displacement constraint,
J = 0, (5)
where J = {Jpq} (p = 1, 2; q = 1, . . . , (n − 1)).
Thus the problem of solving the equation systemEq. (2) has been converted to an optimization problem:
min L()
s.t. E = e, (6)
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J11 · · · J1(m−1) 0 0 · · · 0 0
J21 · · · J2(m−1) 0 0 · · · 0 0
0 · · · 0 0 J1(m+1) · · · J1(n−1) J1n
0 · · · 0 0 J2(m+1) · · · J2(n−1) J2n
J11 · · · J1(m−1) J1m J1(m+1) · · · J1(n−1) J1n
J21 · · · J2(m−1) J1m J2(m+1) · · · J2(n−1) J2n
⎞











It is an optimization problem with six linear equality constraints. We can solve it by gradient project or
feasible direction method, and the optimal angle shift is obtained. Then we can calculate the new vertexes
to obtain the deformed polyline. It has been implemented on PC (as shown in Fig. 5).
Using the above algorithm, the total arc-length, even the arc-length between any two control points is
preserved. However, the algorithm is not suitable for curve deformation with large numbers of points. If
the curve is complex and highly detailed, direct operation on source points is costly, and is not always
required. Here we apply it to deform the polyline, and ensure the total length and segment length of
control polyline to remain constant at the same time.
5. Subdivision with arc-length preserved
We apply subdivision to the deformed control polyline obtained in Section 4. The subdivision scheme is
chosen from Cai [5], which is a 4-point subdivision with the tension parameter variable. The subdivision
scheme deﬁnes the control points at level k + 1 by
P k+12i = P ki , −1i2kn + 1,
P k+12i+1 = (12 + wki )(P ki + P ki+1) − wki (P ki + P ki+1), −1i2kn.
It is also proved that the scheme produces C1 curves while 0< w< 18 .
Notice that during the subdivision process, the arc-length of the curve increases monotonously as the
subdivision level k increases. What’s more, for a given k, the arc-length increases monotonously as w
increases. In order to preserve the arc-length, we adjust the tension parameters wi so that the arc-length
increased in subdivision will be equal to the lost in simpliﬁcation.
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We apply dichotomizing search to seek the suitable wi for subdivision between PiPi+1 as follows: let
f (w)(w ∈ [0, 110 ]) be the function that deﬁnes the arc-length between PiPi+1 after subdivision.
(1) Initialize the subdivision level k, wi = 116 ;
(2) Subdivide k levels, and compute the sum of length between Pi−1 to Pi , seek a wi in [1, 110 ] to satisfy
f (wi) = Pi−1Pi + Li . If f ( 110 )<Pi−1Pi + Li , return to the simpliﬁcation to readjust the angle
threshold;
(3) Execute (2) until the inequality |f (wi)− (Pi−1Pi +Li)|<  is satisﬁed, where  is a given tolerance.
6. Experiments and results
We have implemented our algorithm on Intel Pentium 4 CPU 1.70GHz PC. The result of a deformed
circle is shown in Fig. 6. The circle is sampled into 120 points and simpliﬁed into 35-point control
polyline, and cost 51 centiseconds aggregately. The open curve is sampled into 120 points and simpli-
ﬁed into 28 points, and cost 47 centiseconds aggregately (Fig. 7). We observe that if setting a too big
angle threshold in simpliﬁcation, the subdivided curve will be lack of fairness. For example, the circle
Fig. 6. The circle before and after deformation.
Fig. 7. The open curve before and after deformation.
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Fig. 8. The deformed circle lack of fairness.
(120 sampling points) will be deformed into the shape shown in Fig. 8 when using a threshold of 18
degree (simpliﬁed from 120 points to 11 points).
7. Discussion and conclusion
The present method achieves arc-length preserving deformation for curves by combining subdivision
and inverse kinematic. The method preserves not only the total length of the curve, but also the arc-
length between each two adjacent control points. Four-point scheme is an interpolatory subdivision,
and only leads to C1 curves. Therefore the result cannot always maintain fairness under the constraint of
interpolation.We expect to improve our algorithm to get smooth curves. Future work should focus on how
to select the subdivision scheme and the simpliﬁcation threshold. Only curve deformation is discussed in
this paper, surface deformation with constraints should be considered in the future.
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